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COHOMOLOGY DIMENSION GROWTH FOR NAKANO Q-SEMIPOSITIVE LINE
BUNDLES
HUAN WANG
ABSTRACT. We study the cohomology with high tensor powers of Nakano q-semipositive
line bundles on complex manifolds. We obtain the asymptotic estimates for the dimen-
sion of cohomology with high tensor powers of semipositive line bundles over q-convex
manifolds and various possibly non-compact complex manifolds, in which the order of
estimates are optimal. Besides, estimates for the modified Dirac operator on Nakano q-
positive line bundle on almost complex manifolds are given.
1. INTRODUCTION
Let X be a complex manifold of dimension n and (E; hE) be a holomorphic Hermit-
ian vector bundle over X. Let rE be the holomorphic Hermitian connection of (E; hE)
and R(E;h
E
)
= (r
E
)
2 be the curvature of rE. The Bochner-Kodaira-Nakano formula and
its variation with boundary term, [Dem86, AV65, Gri66, MM07], play the central role
in various vanishing theorems on complex manifolds. The latter have important appli-
cations in complex differential and algebraic geometry, such as the characterization of
projective manifolds [Kod54], Moishezon manifolds [Siu84, Siu85, Dem85] and more
recently the criterion for uniruledness and rationally connectedness and related results
[BDPP13, CDP15, Yan18]. The key ingredient in these formulas is the curvature term
[
p
 1R
(E;h
E
)
;℄, where  is the dual of Hermitian metric on manifolds. With appropri-
ate assumptions on the positivity of RE, one can achieve the curvature term is strictly-
positive, i.e., the pointwise Hermitian product
D
[
p
 1R
(E;h
E
)
;℄s; s
E
h
> 0 for forms s
with values in E, which is enough to prove vanishing theorems in various situations, see
[Kob87, Dem].
Instead of the strict positivity, we consider the q-semipositivity, which was introduced
in [Siu82] over Ka¨hler manifolds. A holomorphic Hermitian line bundle on Ka¨hler man-
ifolds is called Nakano q-positive (resp. semipositive) means that at every point the sum
of any set of q eigenvalues of the curvature form is positive (resp. nonnegative) when
the eigenvalues are computed with respect to the Ka¨hler metric. Another definition of
the q-positivity is the Griffiths q-positive (resp. semipositive), which means that at every
point the curvature form has at least n  q + 1 positive (resp. semipositive) eigenvalues,
see [Ohs82, Chapter 3, Section 1, Definition 1.1], [Siu82] and [Mar92]. More precisely, a
holomorphic Hermitian line bundle (L; hL) over a Hermitian manifold (X;!) is Nakano
q-semipositive with respect to the Hermitian metric ! of X, if for any (n; q)-forms s,
D
[
p
 1R
(L;h
L
)
;℄s; s
E
h
 0, see Definition 1.1, (2.9), (2.10) and [Ohs05]. In this setting,
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the vanishing of harmonic forms does not hold in general, however, the dimension of har-
monic spaces with values in high tensor power of such line bundles still can be estimated,
and moreover the estimate turns out to be optimal, see [Ber02]. The solution of Grauert-
Riemanschneider conjecture [Siu84, Siu85, Dem85] shows that if R(L;h
L
)
 0 (i.e.,
Nakano 1-semipositive) on a compact complex manifold X then dimHq(X;Lk) = o(kn)
as k ! 1 for all q  1. Demaily’s solution involves holomorphic Morse inequalities
[Dem85]: dimHq(X;Lk 
 E)  rank(E)k
n
n!
R
X(q)
( 1)
q
(
p
 1
2
R
(L;h
L
)
)
n
+ o(k
n
) as k ! 1,
where E is an arbitray holomorphic vector bundle and X(q) is the set where
p
 1R
(L;h
L
)
has exactly q negative eigenvalues and n   q positive eigenvalues. We refer to [MM07]
for a comprehensive account of Demaily’s holomorphic Morse inequalites and Bergman
kernel asymptotics.
Let now E be an arbitrary holomorphic line bundle over X. Along the same lines,
Berndtsson [Ber02] showed that if R(L;h
L
)
 0 then dimHq(X;Lk 
 E) = O(kn q)
and it improves the estimate of Siu and Demailly, which gives only dimHq(X;Lk 

E) = o(k
n
) as k ! 1 (since X(q) is the empty set for a semipositive line bundle).
The magnitude kn q is optimal. By adapting their methods to general (possibly non-
compact) complex manifolds with L2-cohomolgy [Wan16], we obtain a local estimate of
Bergman density function on compact subsets of the underling manifolds when RL 
0. As applications, the estimates of the Berndtsson type still hold on covering mani-
folds, i.e., dim
 
H
0;q
(2)
(X;L
k

 E) = O(k
n q
) for all q  1, and 1-convex manifolds, i.e.,
dimH
q
(X;L
k

 E) = O(k
n q
) for all q  1, see [Wan16, Wan18]. With additional
assumptions on the positivity of (L; hL), the same estimates hold on pseudoconvex do-
mains, weakly 1-complete manifolds and complete manifolds, see [Wan18]. Note that,
on projective manifolds, the estimate of O(kn q) type for nef line bundles can be found
in [Dem12], and the case of pseudo-effective line bundles was obtained in [Mat14]. On
an arbitrary compact manifolds, such estimates for semipositive line bundles equipped
with Hermitian metric with analytic singularities were established by [Wan18, WZ19]
(in the latter paper a vector bundle E of arbitrary rank is considered).
In this paper, in order to generalize such estimates to q-convex manifolds, we use
the notion of Nakano q-semipositivity from [Siu82, Ohs05], which includes the usual
semipositivity RL  0 as a special case. We remark that, inspired by [Ber02, MM07], this
paper together with [Wan16, Wan18] give a unified approach to the optimal estimate of
the dimension of cohomology of high tensor powers of line bundles with semipositivity
on (compact and non-compact) complex manifolds.
Definition 1.1 ([Siu82]). Let X be a complex manifold of dimX = n and ! a Hermitian
metric on X. Let (L; hL) be a holomorphic Hermitian line bundle over X. Let 1  q  n.
(A) (L; hL) is called Nakano q-positive (resp. semipositive, negative, seminegative)
with respect to ! at x 2 X, if the sum of any set of q eigenvalues of the cur-
vature form RL
x
is positive (resp. nonnegative, negative, nonpositive) when the
eigenvalues are computed with respect to the Hermitian metric !.
(B) (L; hL) is called Griffiths q-positive (resp. semipositive, negative, seminega-
tive) at x 2 X, if the curvature form RL
x
has at least n   q + 1 positive (resp.
semipositive, negative, seminegative) eigenvalues.
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For the relation of the notions of Griffiths and Nakano q-positivity, see Remark 2.4.
The basic example of Nakano q-positivity is the dual of canonical bundle K
X
on a com-
pact Ka¨hler manifold X of dimX = n. With respect to a Ka¨hler metric !, the Ricci
curvature of X is positive (resp. nonnegative) if and only if K
X
is Nakano 1-positive
(resp. 1-semipositive); the scalar curvature of X is positive (resp. nonnegative) if and
only if K
X
is Nakano n-positive (resp. n-semipositive). The basic example of Griffiths q-
positivity is the dual of tautological line bundle L(E), which is Griffiths (n+1)-positive
on the projective bundle P (E) of a holomorphic Hermitian vector bundle (E; hE) over
a compact complex manifold X of dimX = n.
Firstly, we provide a refined local estimate on Bergman density functions for Nakano
q-semipositive line bundles, which generalizes the main result in [Ber02, Wan16] and
[Wan18, Theorem 3.1]. The advantage is that, it enables us to study the harmonic spaces
of tensor powers of line bundles with weaker semipositivity on complex manifolds.
Theorem 1.2. Let (X;!) be a Hermitian manifold of dimension n and let (L; hL) and
(E; h
E
) be holomorphic Hermitian line bundles over X. Let 1  q  n. Let K  X be a
compact subset and (L; hL) be Nakano q-semipositive with respect to ! on a neighborhood
of K. Then there exists C > 0 depending on K, !, (L; hL) and (E; hE), such that
(1.1) B
j
k
(x)  Ck
n j for all x 2 K; k  1; q  j  n;
where B
j
k
(x) is the Bergman density function (3.1) of harmonic (0; j)-forms with values in
L
k

 E. In particular, if (L; hL) is semipositive on a neighborhood of K, the estimate holds
on K for all k  1 and 1  j  n.
As a direct application, it leads to the refinement of [Ber02, Theorem 1.1] and [Wan16,
Theorem 1.2] as follows, refer to Definition 2.3 for  -covering manifolds.
Corollary 1.3. Let (X;!) be a  -covering manifold of dimension n, and let (L; hL) and
(E; h
E
) be two  -invariant holomorphic Hermitian line bundles on X. Let 1  q  n and
(L; h
L
) be Nakano q-semipositive with respect to ! on X. Then there exists C > 0 such that
for any k  1, q  j  n, we have
(1.2) dim
 
H
0;j
(2)
(X;L
k

 E) = dim
 
H
0;j
(X;L
k

 E)  Ck
n j
:
In particular, if (L; hL) is semipositive on X, the estimate holds for all k  1 and 1  j  n.
Note that holomorphic Morse inequalities on covering manifolds were obtained in
[TCM01, MTC02].
Secondly, we obtain a refined estimate of L2-cohomology on Hermitian manifolds from
the local estimate of B
j
k
(x) as [Wan18, Theorem 1.1]. It provides an uniform approach to
study the cohomology of high tensor power of Nakano q-semipositive line bundles over
various compact and non-compact manifolds.
Let (X;!) be a Hermitian manifold of dimension n. Let dv
X
:= !
n
=n! be the volume
form on X. Let (L; hL) and (E; hE) be holomorphic Hermitian vector bundles on X with
rank(L) = 1. We denote by (L2
0;q
(X;L
k

 E); k  k) the space of square integrable (0; q)-
forms with values in Lk 
 E with respect to the L2 inner product induced by the above
data. We denote by 
E
k
the maximal extension of the Dolbeault operator on L2
0;
(X;L
k


E) and by 
E
k
its Hilbert space adjoint. Let H 0;q(X;Lk 
 E) be the space of harmonic
3
(0; q)-forms with values in Lk 
 E on X. For a given 0  q  n, we say that the
concentration condition holds in bidegree (0; q) for harmonic forms with values in
L
k

 E for large k, if there exists a compact subset K  X and C
0
> 0 such that for
sufficiently large k, we have
(1.3) ksk2  C
0
Z
K
jsj
2
dv
X
;
for s 2 Ker(
E
k
)\Ker(
E
k
)\L
2
0;q
(X;L
k

E). The setK is called the exceptional compact
set of the concentration. We say that the fundamental estimate holds in bidegree (0; q)
for forms with values in Lk 
 E for large k, if there exists a compact subset K  X
and C
0
> 0 such that for sufficiently large k, we have
(1.4) ksk2  C
0
(k
E
k
sk
2
+ k
E;
k
sk
2
+
Z
K
jsj
2
dv
X
);
for s 2 Dom(
E
k
) \ Dom(
E
k
) \ L
2
0;q
(X;L
k

 E). The set K is called the exceptional
compact set of the estimate.
Theorem 1.4. Let (X;!) be a Hermitian manifold of dimension n and let (L; hL) and
(E; h
E
) be holomorphic Hermitian line bundles on X. Let 1  q  n. Let the concentration
condition holds in bidegree (0; q) for harmonic forms with values in Lk 
 E for large k. Let
(L; h
L
) be Nakano q-semipositive with respect to ! on a neighborhood of the exceptional set
K. Then there exists C > 0 such that for sufficiently large k, we have
dimH
0;q
(X;L
k

 E)  Ck
n q
:(1.5)
The same estimate also holds for reduced L2-Dolbeault cohomology groups,
(1.6) dimH
0;q
(2)
(X;L
k

 E)  Ck
n q
:
In particular, if the fundamental estimate holds in bidegree (0; q) for forms with values in
L
k

 E for large k, the same estimate holds for L2-Dolbeault cohomology groups,
(1.7) dimH
0;q
(2)
(X;L
k

 E)  Ck
n q
:
Finally, by Theorem 1.4, we can study the dimension of cohomology on q-convex man-
ifolds with semipositive line bundles. Holomorphic Morse inequalities for q-convex man-
ifolds were obtained by Bouche [Bou89] and [MM07, Section 3.5].
Theorem 1.5. Let X be a q-convex manifold of dimension n and 1  q  n, and let
(L; h
L
) and (E; hE) be holomorphic Hermitian line bundles on X. Assume (L; hL)  0 on
a neighborhood of the exceptional subset K. Then, there exists C > 0 such that for every
j  q and k  1,
(1.8) dimHj(X;Lk 
 E)  Ckn j:
The extremal case is also interesting when the !-trace of R(L;h
L
) is non-negative (i.e.,
n-semipositive), see Sec. 2. We obtain the finiteness of dimension of cohomology of
high tensor power of such line bundles in Sec. 3 and 4. Related to the Nakano n-
semipositive and the !-trace of curvature tensor, a direct consequence from [Yau78],
[Kob87, Ch.III.(1.34)] and [CDP15, 5.1 Corollary], which strengthens [Wu81, Theo-
rem B (A)], is as follows: If a compact Ka¨hler manifold X possesses a quasi-positive
(1; 1)-form representing the first Chern class 
1
(X), then X is projective and rationally
4
connected. And a compact, simply connected, Ka¨hler manifolds with nonnegative bisec-
tional curvature is projective and rationally connected, see Proposition 4.19 and 4.20.
For the Nakano q-positive cases, inspired by [Mar92], [MM02, Theorem 1.1, 2.5] and
[MM07, Section 1.5], we generalize the estimates of modified Dirac operator D
;A
k
(see
[MM07, Definition 1.3.6, Section 1.5]) of high tensor powers of positive line bundles to
the Nakano q-positive case for all 1  q  n as follows.
Theorem 1.6. Let (X; J) be a compact smooth manifold with almost complex structure J
and dimRX = 2n. Let g
TX be a Riemannian metric compatible with J and ! := gTX(J ; )
be the real (1; 1)-forms on X induced by gTX and J . Let (E; hE) and (L; hL) be Hermitian
vector bundles on X with rank(L) = 1. Let rE and rL be Hermitian connections on
(E; h
E
) and (L; hL) and let RE := (rE)2 and RL := (rL)2 be the curvatures. Let
p
 1
2
R
L
be compatible with J . Assume 1  q  n and (L; hL) is Nakano q-positive with respect
to ! on X (see also (2.10)). Then there exists C
L
> 0 such that for any k 2 N and any
s 2 

0;q
(X;L
k

 E),
kD
;A
k
sk
2
 (2
q
k   C
L
)ksk
2
;(1.9)
where the constant 
q
> 0 defined in (5.3). Especially, for k large enough,
Ker

D
;A
k
j


0;q
(X;L
k

E)

= 0:(1.10)
This paper is organized as follows. In Sec. 2 we introduce the notions and basic facts
on Definition 1.1. In Sec. 3 we provide the local estimate of the Bergam density function
associated with Nakano q-semipositive line bundles, Theorem 1.2, and its applications,
Corollary 1.3 and Theorem 1.4. In Sec. 4 we prove Theorem 1.5 and related results. In
Sec. 5, estimates for the modified Dirac operator on Nakano q-positive line bundle on
almost complex manifolds, Theorem 1.6, are given. From [Ber02], we see Theorem 1.2,
Corollary 1.3, Theorem 1.4 and 1.5 give the optimal order O(kn j) of dimension of the
cohomology. And Theorem 1.6 provides a precise bound 
q
for q-positive line bundles
along the lines of [MM02, MM07]. For techniques and formulations of this paper, we
refer the reader to [Ber02, MM07, Siu85, Wan16, Wan18].
2. PRELIMINARIES
2.1. L2-cohomology. Let (X;!) be a Hermitian manifold of dimension n and (F; hF )
a holomorphic Hermitian vector bundle over X. Let 
p;q(X;F ) be the space of smooth
(p; q)-forms on X with values in F for p; q 2 N. The volume form is dv
X
:=
!
n
n!
.
The L2-scalar product is given by hs
1
; s
2
i =
R
X
hs
1
(x); s
2
(x)i
h
dv
X
(x) on 
p;q(X;F ),
where h; i
h
:= h; i
h
F
;!
is the pointwise Hermitian inner product induced by ! and
h
F . We denote by L2
p;q
(X;F ), the L2 completion of 

p;q
0
(X;F ), which is the subspace of


p;q
(X;F ) consisting of elements with compact support.
Let 
F
: 

p;q
0
(X;F )! L
2
p;q+1
(X;F ) be the Dolbeault operator and let 
F
max
be its max-
imal extension (see [MM07, Lemma 3.1.2]). From now on we still denote the maximal
extension by 
F
:= 
F
max
and the associated Hilbert space adjoint by 
F
:= 
F
H
:=
(
F
max
)

H
. Consider the complex of closed, densely defined operators L2
p;q 1
(X;F )

F
 !
L
2
p;q
(X;F )

F
 ! L
2
p;q+1
(X;F ). Note that (
F
)
2
= 0. By [MM07, Propositon 3.1.2], the
5
operator defined by
Dom(
F
) = fs 2 Dom(
F
) \Dom(
F
) : 
F
s 2 Dom(
F
); 
F
s 2 Dom(
F
)g;

F
s = 
F

F
s+ 
F

F
s for s 2 Dom(F );(2.1)
is a positive, self-adjoint extension of Kodaira Laplacian, called the Gaffney extension.
Definition 2.1 ([MM07]). The space of harmonic forms H p;q(X;F ) is defined by
(2.2) H p;q(X;F ) := Ker(F ) = fs 2 Dom(F ) \ L2
p;q
(X;F ) : 
F
s = 0g:
The q-th reduced L2-Dolbeault cohomology is defined by
(2.3) H
0;q
(2)
(X;F ) :=
Ker(
F
) \ L
2
0;q
(X;F )
[Im(
F
) \ L
2
0;q
(X;F )℄
;
where [V ℄ denotes the closure of the space V . The q-th (non-reduced) L2-Dolbeault
cohomology is defined by
(2.4) H
0;q
(2)
(X;F ) :=
Ker(
F
) \ L
2
0;q
(X;F )
Im(
F
) \ L
2
0;q
(X;F )
:
According to the general regularity theorem of elliptic operators, s 2 H p;q(X;F ) im-
plies s 2 
p;q(X;F ). By weak Hodge decomposition (cf. [MM07, (3.1.21) (3.1.22)]),
(2.5) H
0;q
(2)
(X;F )

=
H
0;q
(X;F )
for any q 2 N. The q-th cohomology of the sheaf of holomorphic sections of F is isomor-
phic to the the q-th Dolbeault cohomology, Hq(X;F ) 
=
H
0;q
(X;F ).
For a given 0  q  n, we say the fundamental estimate holds in bidegree (0; q) for
forms with values in F , if there exists a compact subset K  X and C > 0 such that
(2.6) ksk2  C(k
F
sk
2
+ k
F
k
2
+
Z
K
jsj
2
dv
X
);
for s 2 Dom(
F
)\Dom(
F;
)\L
2
0;q
(X;F ). K is called the exceptional compact set of the
estimate. If the fundamental estimate holds, the reduced and non-reduced L2-Dolbeault
cohomology coincide, see [MM07, Theorem 3.1.8]. For a given 0  q  n, we say that
the concentration condition holds in bidegree (0; q) for harmonic forms with values
in F , if there exists a compact subset K  X and C > 0 such that
(2.7) ksk2  C
Z
K
jsj
2
dv
X
;
for s 2 Ker(
F
) \ Ker(
F
) \ L
2
0;q
(X;F ). We call K the exceptional compact set of the
concentration. Note if the fundamental estimate holds, the concentration condition also.
2.1.1. The convexity of complex manifolds and  -coverings.
Definition 2.2. A complex manifold X of dimension n is called q-convex if there exists
a smooth function % 2 C1(X;R) such that the sublevel set X

= f% < g ⋐ X for all
 2 R and the complex Hessian % has n  q+1 positive eigenvalues outside a compact
subset K  X. Here X

⋐ X means that the closure X

is compact in X. We call % an
exhaustion function and K exceptional set. X is q-complete if K = ; in additional.
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Every compact complex manifold is q-convex for all 1  q  n. By definition, a
compact complex manifold is exactly a 0-convex manifold. For non-compact manifolds,
Greene-Wu [Dem, Ch. IX. (3.5) Theorem] showed that: Every connected non-compact
complex manifold of dimension n is n-complete. Moreover, every connected complex
manifold of dimension n is n-convex. Thus, if X is a connected non-compact com-
plex manifold of dimension n and E a holomorphic vector bundle over X, Hn(X;E) =
0, see [AG62]. We denote the j-th Dolbeault cohomology with compact supports by
[H
0;j
(X;E)℄
0
, see [HL88, (20.8) (20.17)]. Note that if X is compact, [H0;j(X;E)℄
0
is
equal to the usual cohomology. The duality between it and the usual Dolbeault cohomo-
logy on q-convex manifold of dimension n with 1  q  n, is given by
dim[H
0;j
(X;E)℄
0
= dimH
0;n j
(X;E


K
X
)  1 for all 0  j  n  q:(2.8)
If q = 1, then, moreover, dim[H0;n(X;E)℄
0
= dimH
0
(X;E


K
X
), whereK
X
= ^
n
T
1;0
X.
Let M be a relatively compact domain with smooth boundary bM in a complex man-
ifold X. Let  2 C1(X;R) such that M = fx 2 X : (x) < 0g and d 6= 0 on
bM = fx 2 X : (x) = 0g. We denote the closure of M by M = M [ bM . We
say that  is a defining function of M . Let T (1;0)bM := fv 2 T (1;0)
x
X : %(v) = 0g
be the analytic tangent bundle to bM at x 2 bM . The Levi form of  is the 2-form
L

:=  2 C1(bM; T (1;0)bM 
T (0;1)bM). M is called strongly (resp. (weakly)) pseu-
doconvex if the Levi form L

is positive definite (resp. semidefinite). Note any strongly
pseudoconvex domain is 1-convex.
A complex manifold X is called weakly 1-complete if there exists a smooth plurisub-
harmonic function ' 2 C1(X;R) such that fx 2 X : '(x) < g ⋐ X for any  2 R. ' is
called an exhaustion function. Note any 1-convex manifold is weakly 1-complete.
A Hermitian manifold (X;!) is called complete, if all geodesics are defined for all time
for the underlying Riemannian manifold.
Definition 2.3. Let (X;!) be a Hermitian manifold of dimension n on which a discrete
group   acts holomorphically, freely and properly such that ! is a  -invariant Hermitian
metric and the quotient X=  is compact. We say X is a  -covering manifold, see also
[Ati76, MM07, Wan16].
2.1.2. Kodaira Laplacian with -Neumann boundary conditions. Let (X;!) be a Her-
mitian manifold of dimension n and (F; hF ) be a holomorphic Hermitian vector bundles
over X. Let M be a relatively compact domain in X. Let  be a defining function of M
satisfyingM = fx 2 X : (x) < 0g and jdj = 1 on bM , where the pointwise norm j  j is
given by gTX associated to !.
Let en 2 TX be the inward pointing unit normal at bM and e
(0;1)
n
its projection
on T (0;1)X. In a local orthonormal frame fw
1
;    ; !
n
g of T (1;0)X, we have e(0;1)
n
=
 
P
n
j=1
w
j
()w
j
. Let B0;q(X;F ) := fs 2 
0;q(M;F ) : i
e
(0;1)
n
s = 0 on bMg. Then
B
0;q
(M;F ) = Dom(
F
H
) \ 

0;q
(M;F ) and the Hilbert space adjoint 
F
H
of 
F
coincides
with the formal adjoint 
F
of 
F
on B0;q(M;F ), see [MM07, Proposition 1.4.19]. The
operator 
N
s := 
F

F
s + 
F

F
s for s 2 Dom(
N
) := fs 2 B
0;q
(M;F ) : 
F
s 2
B
0;q+1
(M;F )g. The Friedrichs extension of 
N
is a self-adjoint operator and is called
the Kodaira Laplacian with -Neumann boundary conditions, which coincides with the
Gaffney extension of the Kodaira Laplacian, see [MM07, Proposition 3.5.2]. 
0;(M;F )
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is dense in Dom(
F
) in the graph-norms of 
F
, and B0;(M;F ) is dense in Dom(
F
H
)
and in Dom(
F
) \ Dom(
F
H
) in the graph-norms of 
F
H
and 
E
+ 
E
H
, respectively, see
[MM07, Lemma 3.5.1]. Here the graph-norm is defined by ksk+ kRsk for s 2 Dom(R).
2.2. Nakano q-semipositive line bundles and the !-trace. Let (X;!) be a Hermitian
manifold of dimension n and (E; hE) a holomorphic Hermitian vector bundle over X.
Let rE be the holomorphic Hermitian connection of (E; hE) and R(E;h
E
)
= (r
E
)
2 be the
curvature. Let
V
p;q
T

X :=
V
p
T
1;0
X 

V
q
T
0;1
X and let
V
p;q
T

x
X be the fibre of the
bundle
V
p;q
T

X for x 2 X, and 
p;q(X;E) := C1(X;
V
p;q
T

X 
E) the space of smooth
(p; q)-forms with values in E. We set h; i
h
the induced pointwise Hermitian metric in the
context.
Let (L; hL) be a holomorphic Hermitian line bundle over X. Then RL =  log jsj2
h
L
for
any local holomorphic frame s, and the Chern-Weil form of the first Chern class of L is

1
(L; h
L
) =
p
 1
2
R
L, which is a real (1; 1)-form on X. We use the notion of positive (p; p)-
form, see [Dem, Chapter III, §1, (1.1) (1.2) (1.5) (1.7)]. If a (p; p)-form T is positive, we
write T  0. Let  be the dual of the operator L := ! ^  on 
p;q(X) with respect to the
Hermitian inner product h; i
h
on X. In a local orthonormal frame fw
j
g
n
j=1
of T 1;0X and
its dual fwjg of T 1;0X, R(L;h
L
)
= R
(L;h
L
)
(w
i
; w
j
)w
i
^ w
j, L =
p
 1
P
n
j=1
w
j
^ w
j
^  and
 =  
p
 1
P
n
j=1
i
w
j
i
w
j . For s 2 
p;q(X),
D
[
p
 1R
(L;h
L
)
;℄s; s
E
h
2 C1(X;R).
Recall the notion of q-semipositivity of line bundle in Definition 1.1, see [Ohs05,
(1)] and [Siu82, Section 4]. By the definition, for 1  q  n, (L; hL) is Nakano q-
semipositive with respect to ! at x 2 X, means that
D
[
p
 1R
(L;h
L
)
;℄; 
E
h
 0 for all  2 ^n;qT 
x
X:(2.9)
We denoted it by (?
q
)  0 at x. For 1  q  n, (L; hL) is Nakano q-positive with respect
to ! at x, means that
D
[
p
 1R
(L;h
L
)
;℄; 
E
h
> 0 for all  2 ^n;qT 
x
X n f0g:(2.10)
We denoted it by (?
q
) > 0 at x. For a subset Y  Y , (L; hL) is Nakano q-semipositive
(resp. positive) with respect to ! on Y , if (?
q
)  0 (resp. > 0) at every point of Y . In
a local orthonormal frame f!
j
g of T 1;0X around x, (2.9) is equivalent to
D
R
(L;h
L
)
(!
i
; !
j
)!
j
^ i
!
i
; 
E
h
 0 for all  2 ^0;qT 
x
X:(2.11)
And (2.10) can be represented by replacing
V
n;q
T

x
X and  by
V
n;q
T

x
X n f0g and > in
(2.11) respectively.
Remark 2.4 (notions of the q-positivity). Note that the notion of Nakano q-positive de-
pends on the choice of Hermitian metric !. On the other hand, the notion of Griffiths
q-positive is independent of the choice of !. If L is Nakano q-positive at x, then L is also
Griffiths q-positive at x. If L is Griffiths q-positive at x then there exists a metric ! such
that L is Nakano q-positive at x with respect to !. Actually, if L is Griffiths q-positive
on X then for any compact set K there exists a Hermitian metric ! on X such that L
is Nakano q-positive on K with respect to !, see [MM07, (3.5.7)] or [Mar92, (9)] for
the construction of !. The Nakano 1-semipositivity (resp. positivity) coincides with the
Griffiths 1-semipositivity (resp. positivity), i.e., the usual semipositivity (resp. positivity).
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By definition, q-positivity implies the q-semipositivity. For vector bundles, we refer to
[Ohs82, Siu82] for the definitions of the q-positive in the sense of Nakano and Griffiths.
2.2.1. The special case (?
1
)  0. An important special case is (?
1
)  0, which is equiva-
lent to (L; hL) is semipositive as follows.
Definition 2.5. A holomorphic Hermitian line bundle (L; hL) is semipositive at x 2 X, if
R
(L;h
L
)
(U;U)  0 for U 2 T 1;0
x
X, denoted by (L; hL)
x
 0. For a subset Y  X, (L; hL) is
semipositive on Y if (L; hL)
x
 0 at all x 2 Y . The definition of (L; hL)
x
> 0 is analogue.
From the definition, (L; hL)
x
 0 implies (?
q
)  0 at x for all 1  q  n. Conversely,
(?
1
)  0 at x implies (L; hL)
x
 0. Thus, (?
q
)  0 is a refinement of (L; hL)  0.
Proposition 2.6. Let (L; hL)  0 (resp. > 0) at x 2 X. Then, for any Hermitian metric !
on X, 1  q  n and  2
V
n;q
T

x
X (resp.
V
n;q
T

x
X n f0g),
D
[
p
 1R
(L;h
L
)
;℄; 
E
h
 0 (resp. > 0):(2.12)
Proof. Let f!
j
g be an orthonormal frame around x such that
p
 1R
(L;h
L
)
x
=
p
 1
j
(x)!
j
^
!
j. Let C
J
(x) :=
P
j2J

j
(x) for each ordered J = (j
1
;    ; j
q
) with jJ j = q. Let  2
V
n;q
T

x
X and  =
P
J
f
NJ
(x)w
N
^ w
J , N = (1;    ; n) and jJ j = q,
D
[
p
 1R
(L;h
L
)
;℄; 
E
h
(x) =
X
J
C
J
(x)jf
NJ
(x)j
2
:(2.13)
Since (L; hL)
x
 0, 
j
(x)  0 for all 1  j  n and thus C
J
(x)  0 for all 1  jJ j  n.
And the positive case follows similarly. 
Proposition 2.7. (L; hL)
x
 0 if and only if (?
1
)  0 at x.
Proof. Suppose (?
1
)  0 at x. Let U 2 T 1;0
x
X with U =
P
n
k=1
u
k
!
k
in a local orthonormal
frame f!
j
g
n
j=1
of T 1;0X around x. We set  = u
k
!
k
2 T
0;1
x
X, and then R(L;h
L
)
(U;U) =
u
j
R
L
(!
i
; !
j
)u
i
= hR
L
(!
i
; !
j
)!
j
^ i
!
i
; i
h
 0: 
The general relation among (?
q
)  0, 1  q  n, is as follows.
Proposition 2.8. If (?
q
)  0 at x, then (?
q+1
)  0 at x.
Proof. From (?
q
)  0 at x and (2.13), C
J
(x)  0 for each ordered jJ j = q. Let C
K
(x) :=
P
k2K

k
(x) for each ordered jKj = q + 1. Then C
K
(x) =
1
q
P
jJ j=q;JK
C
J
(x)  0, and
thus (?
q+1
)  0 at x by (2.13). 
Remark 2.9. Clearly, the positive case (>) of Proposition 2.7 and 2.8 also hold.
2.2.2. The special case (?
n
)  0. Another interesting case is (?
n
)  0, which is equiva-
lent to the !-trace of Chern curvature tensor R(L;h
L
) is non-negative as follows.
Definition 2.10. The !-trace of Chern curvature tensor R(L;h
L
),  (L; hL; !) 2 C1(X;R),
is defined by
p
 1R
(L;h
L
)
^ !
n 1
=  (L; h
L
; !)!
n
.
Equivalently, let fw
j
g
n
j=1
be a local orthonormal frame of T (1;0)X with respect to ! and
fw
j
g the dual frame of T (1;0)X,
 (L; h
L
; !) := Tr
!
R
(L;h
L
)
=
n
X
j=1
R
(L;h
L
)
(w
j
; w
j
) =
X
i;k
R
(L;h
L
)
 

z
i
;

z
k
!
hdz
i
; dz
k
i
g
T

X
:
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We say the !-trace of Chern curvature tensor R(L;h
L
) is semipositive (resp. positve) if
 (L; h
L
; !)  0 (resp. > 0). From (2.13), it follows immediately:
Proposition 2.11. We have the following
(1)  (L; hL; !)jj2
h
=
D
[
p
 1R
(L;h
L
)
;℄; 
E
h
for all  2 ^n;nT 
x
X, x 2 X.
(2)  (L; hL; !)
x
 0 if and only if (?
n
)  0 at x.
(3)  (L; hL; !)
x
> 0 if and only if (?
n
) > 0 at x.
(4)  (L; hL; !) =   (L; hL

; !).
Example 2.12. Let (X;!) be a Ka¨hler manifold of dimension n, let (K
X
; h
!
) be the
dual of canonical line bundle K
X
:= ^
n
T
(1;0)
X associated with the Hermitian metric h
!
induced from !. The !-trace of R(K

X
;h
!
) coincides with the scalar curvature rX
!
of (X;!)
up to the mutiplication of 2, i.e., for rX
!
:= 2
P
j
Ri(!
j
; !
j
),
2 (K

X
; h
!
; !) = 2Tr
!
R
(K

X
;h
!
)
= r
X
!
:(2.14)
2.2.3. The !-trace of Chern curvature tensor of vector bundles. Let (E; hE) be a holo-
morphic Hermitian vector bundle over a complex manifold (X;!). The !-trace of Chern
curvature tensor R(E;h
E
),  (E; hE; !) := Tr
!
R
(E;h
E
)
2 C
1
(X;End(E)) is defined by
p
 1R
(E;h
E
)
^ !
n 1
=  (E; h
E
; !)!
n
;(2.15)
see [CDP15, Section 1.5.]. Note in [MM07, (4.15)] 
!
(R
E
) is the contraction of RE
with respect to ! and thus
p
 1
!
(R
E
) =  (E; h
E
; !) in our notations. We define
 (E; h
E
; !)  0 (resp. > 0) at x 2 X by
h (E; h
E
; !)s; si
h
E
 0(2.16)
(resp. > 0) for s 2 E
x
(resp. s 2 E
x
n f0g). Similarly, we can define  (E; hE; !)  0
(resp. < 0). Let (E; hE

) be the dual bundle with the induced metric given by (E; hE),
 (E; h
E
; !) =   (E

; h
E

; !)(2.17)
coincide as Hermitian matrices, see [Kob87]. For the projection  : P (E) ! X and the
dual of tautological line bundle O
E

(1) := (L(E

))
 over P (E) with Hermitian metrics
!
P (E

)
and hOE(1) induced from ! and hE , see [Kob87, Ch. III, Sec. 5], we set
(2.18)  (O
E

(1)) := 

O
E

(1); h
O
E
(1)
; !
P (E

)

:
3. BERGMAN DENSITY FUNCTION AND APPLICATIONS
3.1. Local estimates for Bergman density functions. Let (X;!) be a Hermitian (para-
compact) manifold of dimension n and (L; hL) and (E; hE) be Hermitian holomorphic
line bundles over X. For k 2 N we form the Hermitian line bundles Lk := L
k and
L
k

E, the latter endowed with the metric h
k
= (h
L
)

k

h
E . LetrL be the holomoprhic
Hermitian connection of (L; hL). The curvature of (L; hL) is defined by RL = (rL)2, then
the Chern-Weil form of the first Chern class of L is 
1
(L; h
L
) =
p
 1
2
R
L, which is a real
(1; 1)-form on X.
Let dv
X
:=
!
n
n!
be the volume form on X. We denote that the maximal extension
of the Dolbeault operator 
E
k
:= (
L
k

E
)
max
, its Hilbert space adjoint 
E
k
:= (
L
k

E
)

H
,
and the Gaffney extension of Kodaira Laplacian E
k
:= L
k

E. Let H o;q(X;Lk 
 E) :=
10
Ker(E
k
) \ L
2
0;q
(X;L
k

 E) be the space of harmonic (0; q)-forms with values in Lk 
 E
on X. For simplifying the notations, sometimes we will denote , 

and . For forms
with values in Lk 
E, we denote the Hermitian norm j  j := j  j
h
k
;!
induced by !; hL; hE
and the L2-inner product k  k := k  k
L
2
0;q
(X;L
k

E)
for each q 2 N. Let fw
j
g
n
j=1
be a local
orthonormal frame of T (1;0)X with respect to ! with dual frame fwjg of T (1;0)X.
Let H 0;q(X;Lk 
 E) be the space of harmonic (0; q)-forms with values in Lk 
 E. Let
fs
k
j
g
j1
be an orthonormal basis and denote by B
q
k
the Bergman density function defined
by
(3.1) B
q
k
(x) =
X
j1
js
k
j
(x)j
2
h
k
;!
; x 2 X;
where j  j
h
k
;!
is the pointwise norm of a form. The function (3.1) is well-defined by an
adaptation of [CM15, Lemma 3.1] to form case.
We follow the notations in [Wan16, Section 3.2] and show the submeanvalue formulas
of harmonic forms in H n;q(X;Lk
E). Let (L; hL) and (E; hE) be Hermitian holomorphic
line bundles over X. For any compact subset K in X, the interior of K is denoted by K.
Let K
1
; K
2
be compact subsets in X, such that K
1


K
2
. Then there exists a constant

0
= 
0
(!;K
1
; K
2
) > 0 such that for any x
0
2 K
1
, the holomorphic normal coordinate
around x
0
is V 
=
W  Cn, where
W := B(
0
) := fz 2 Cn : jzj < 
0
g; V := B(x
0
; 
0
) 

K
2
 K
2
;
z(x
0
) = 0, and !(z) =
p
 1
P
i;j
h
ij
(z)dz
i
^ dz
j
with h
ij
(0) =
1
2
Æ
ij
.
Lemma 3.1. Let (X;!) be a Hermitian manifold of dimension n and (L; hL) and (E; hE)
be holomorphic Hermitian line bundles over X. Let K
1
and K
2
be compact subsets in X
such that K
1


K
2
. Let 1  q  n. Assume (L; hL) satisfies (2.9) for x 2 K
2
. Then,
(1) there exists a constant C > 0 such that
(3.2)
Z
jzj<r
jj
2
h
k
;!
dv
X
 Cr
2q
Z
X
jj
2
h
k
;!
dv
X
for any  2 H n;q(X;Lk 
 E) and 0 < r < C0
2
n
;
(2) there exists a constant C > 0 such that
(3.3) j(x
0
)j
2
h
k
;!
 Ck
n
Z
jzj<
2
p
k
jj
2
h
k
;!
dv
X
for any x
0
2 K
1
,  2 H n;q(X;Lk 
 E) and k sufficiently large,
where j  j2
h
k
;!
is the pointwise Hermitian norm induced by !, hL and hE.
Proof. In [Wan16, Lemma 3.4, 3.5] the assertion was proved for all 1  q  n for a
semipositive line bundle on K
2
. However, in order to prove the assertion for a fixed q, it
is enough to assume (L; hL) is Nakano q-semipositive, i.e., it satisfies (2.9) for x 2 K
2
.
Indeed, if (L; hL) satisfies (2.9) for x 2 K
2
, we have

1
(L; h
L
) ^ T

^ !
q 1
= (2)
 1
h[
p
 1R
L
;℄; i
h
!
n
 0(3.4)
on K
2
. Thus, the inequality in [Wan16, (3.11)], i(T

^ !
q 1
)   C
4
jj
2
h
!
n
, still holds
for  2 H n;q(X;Lk 
 E) and the rest part of the proof is unchanged. Thus this sub-
meanvalue proposition analogue to [Wan16, Lemma 3.4, Lemma 3.5] follows. 
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Analogue to [Ber02, Wan16, Wan18], we obtain a local estimates for the Bergman
density functions as follows.
Theorem 3.2. Let (X;!) be a Hermitian manifold of dimension n and let (L; hL) and
(E; h
E
) be holomorphic Hermitian line bundles over X, and 1  q  n. Let K  X be a
compact subset and (L; hL) is Nakano q-semipositive with respect to ! on a neighborhood
of K. Then there exists C > 0 depending on K, !, (L; hL) and (E; hE), such that
(3.5) B
q
k
(x)  Ck
n q for all x 2 K; k  1;
where B
q
k
(x) is defined by (3.1) for harmonic (0; q)-forms with values in Lk 
 E.
Proof. We repeat the procedure in the proof of [Wan16, Theorem 1.1] by using Lemma
3.1 instead of [Wan16, Lemma 3.4, 3.5]. By combine (3.3) and the case r = 2p
k
of (3.2),
we have there exists C > 0 such that
(3.6) S
q
k
(x) := sup
(
j(x)j
2
h
k
;!
kk
2
L
2
:  2 H
n;q
(X;L
k

 E)
)
 Ck
n q
for any x 2 K
1
and k  1. Finally, it follows from the fact S
q
k
(x)  B
q
k
(x)  CS
q
k
(x) and
replacing E
N

n
(T
(1;0)
X) for E in H n;q(X;Lk 
 E). 
Proof of Theorem 1.2. Combining Theorem 3.2 and Proposition 2.8. 
3.2. The growth of cohomology on coverings.
Proof of Corollary 1.3. For a fundamental domain U ⋐ X with respect to  , by Theorem
1.2 and Proposition 2.8, dim
 
H 0;j(X;Lk
E) =
R
U
B
j
k
(x)dv
X
 Ck
n j for all j  q. 
Corollary 3.3. Let (X;!) be a  -covering Hermitian manifold of dimension n. Let (L; hL)
and (E; hE) be two  -invariant holomorphic Hermitian line bundles on X.
(1) If  (L; hL; !)  0 on X, then there exists C > 0 such that for any k  1,
(3.7) dim
 
H
0;n
(2)
(X;L
k

 E)  C:
(2) If  (L; hL; !)  0 on X, then there exists C > 0 such that for any k  1,
(3.8) dim
 
H
0;0
(2)
(X;L
k

 E)  C:
Proof. Apply Proposition 2.11(2)(4), Corollary 1.3 and Serre duality [CD01, 6.3.15]. 
Since connected complex manifolds are either compact or n-complete, see [Dem,
IX.(3.5)], we can rephrase Corollary 3.3 for the trivial   by (2.8) as follows. Let (X;!) be
a connected Hermitian manifold of dimension n. Let (L; hL) and (E; hE) be holomorphic
Hermitian line bundles on X. If  (L; hL; !)  0 on X, then dimHn(X;Lk 
 E)  C for
any k  1; if  (L; hL; !)  0 on X, then dim[H0;0(X;Lk 
 E)℄
0
 C for any k  1.
3.3. The growth of cohomology on general Hermitian manifolds. As another appli-
cation, we can refine the main result in [Wan18].
Proof of Theorem 1.4. By Theorem 3.2 and the concentration condition, we have
dimH
0;q
(2)
(X;L
k

 E) = dimH
0;q
(X;L
k

 E)
=
X
j1
ks
k
j
k
2
 C
0
Z
K
B
q
k
(x)dv
X
 C
0
Ck
n q
vol(K)(3.9)
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for sufficiently large k. Note that H
0;q
(2)
(X;F ) = H
0;q
(2)
(X;F ) and the dimension is finite,
when the fundamental estimate holds in bidegree (0; q) for forms with values in a holo-
morphic Hermitian vector bundle (F; hF ). 
4. REFINED ESTIMATES ON COMPLEX MANIFOLDS WITH CONVEXITY
4.1. Proof of the result on q-convex manifolds. Let X be a q-convex manifold of di-
mension n. Let % be a exhaustion function of X and K a compact exceptional set in X.
By definition, % 2 C1(X;R) satisfies X

:= f% < g ⋐ X for all  2 R,
p
 1% has
n  q + 1 positive eigenvalues on X nK. In this section, we fix real numbers u
0
; u and v
satisfying u
0
< u <  < v and K  X
u
0
.
We outline the idea of our proof of Theorem 1.5. Let (L; hL); (E; hE) be holomorphic
Hermitian line bundles on X. The fundamental estimate holds in bidegree (0; j) for
forms with values in Lk 
 E for large k and each q  j  n on X

when X is a q-
convex manifold, see Proposition 4.2, which was obtained in [MM07, Theorem 3.5.8]
for the proof of Morse inequalities on q-convex manifolds. We observe that the Nakano
q-semipositive is preserved by the modification of hL, see Proposition 4.3. By Theorem
1.4, Proposition 2.6 and related cohomology isomorphism, we obtain the desired results
for j  q.
Firstly, we choose now a Hermitian metric ! on X from [MM07, Lemma 3.5.3].
Lemma 4.1. For any C
1
> 0 there exists a metric gTX (with Hermitian form !) on X such
that for any j  q and any holomorphic Hermitian vector bundle (F; hF ) on X,
(4.1)
D
(%)(w
l
; w
k
)w
k
^ i
w
l
s; s
E
h
 C
1
jsj
2
; s 2 

0;j
0
(X
v
nX
u
0
; F );
where fw
l
g
n
l=1
is a local orthonormal frame of T (1;0)X with dual frame fwlgn
l=1
of T (1;0)X.
Nowwe consider the q-convex manifoldX associated with the metric ! obtained above
as a Hermitian manifold (X;!). Note for arbitrary holomorphic vector bundle F on a
relatively compact domain M in X, the Hilbert space adjoint 
F
H
of 
F
coincides with
the formal adjoint 
F
of 
F
on B0;j(M;F ) = Dom(
F
H
) \ 

0;j
(M;F ), 1  j  n. So we
simply use the notion 
F
on B0;j(M;F ), 1  j  n.
Secondly, we will modify hermitian metric hL

on L and show the fundamental estimate
fulfilled. Let (t) 2 C1(R) such that 0(t)  0, 00(t)  0, which will be determined later.
We define a Hermitian metric hL

:= h
L
e
 (%) on L, and thus the modified curvature is
(4.2) RL = RL + 0(%)%+ 00(%)% ^ %:
Proposition 4.2. Let X be a q-convex manifold of dimension n with the exceptional set
K  X

. Then there exists a compact subset K 0  X

and C
0
; C
3
> 0 such that for
sufficiently large k, we have
(4.3) ksk2 
C
0
k
(k
E
k
sk
2
+ k
E
k;H
sk
2
) + C
0
Z
K
0
jsj
2
dv
X
for any s 2 Dom(
E
k
)\Dom(
E
k;H
)\L
2
0;j
(X

; L
k

E) and q  j  n, where 0(%)  C
3
on
X
v
nX
u
and the L2-norm is given by !, hL
k

and hE on X

.
Proof. See [Wan18, Proposition 3.8] or [MM07, Theorem 3.5.8]. 
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Thirdly, we will show that (L

; h
L

) preserves the certain semi-positivity of (L; hL) by
choosing a appropriate  as follows. Let C
3
> 0 be in Lemma 4.2. We choose  2
C1(R) such that 00(t)  0, 0(t)  C
3
on (u; v) and (t) = 0 on ( 1; u
0
). Therefore,

0
(%(x))  C
3
> 0 on X
v
nX
u
and (%(x)) = 0(%(x)) = 0 on X
u
0
. Note K  X
u
0
and
u
0
< u <  < v. Now we have a fixed  which leads to the following proposition.
Proposition 4.3. X is a q-convex manifold with Hermitian metric ! given by Lemma 4.1.
Let j  q. Suppose (L; hL) satisfies
D
[
p
 1R
(L;h
L
)
;℄; 
E
h
 0 for all  2 ^n;jT 
x
X; x 2 X

:(4.4)
Then, (L

; h
L

) satisfies
D
[
p
 1R
(L

;h
L

)
;℄; 
E
h
 0 for all  2 ^n;jT 
x
X; x 2 X

:(4.5)
In particular, if (L; hL)  0 on X

, (L

; h
L

) satisfies
D
[
p
 1R
(L

;h
L

)
;℄; 
E
h
 0 for all  2 ^n;jT 
x
X; x 2 X

; j  q:(4.6)
Proof.
p
 1R
L

=
p
 1R
L
+
p
 1
0
(%)% +
p
 1
00
(%)% ^ % on X

. From the above
definition of , we have 0(%)  0 on X, 0(%) = 0 on X
u
0
, and 00(%)  0 on X. Since
p
 1% ^ %  0 on X

, we have
p
 1
00
(%)% ^ %  0 on X

. Therefore, we only need
to show that, for all  2 ^n;jT 
x
X, x 2 X

nX
u
0
,
D
[
p
 1%;℄; 
E
h
 0:(4.7)
In fact, from Lemma 4.1, for s 2 

n;j
0
(X
v
n X
u
0
) = 

0;j
0
(X
v
nX
u
0
; K
X
) with s(x) =  2
^
n;j
T

x
X, x 2 X

nX
u
0
,
D
[
p
 1%;℄; 
E
h
=
D
[
p
 1%;℄s; s
E
h
(x) =
D
p
 1% ^ s; s
E
h
(x)
=
D
(%)(w
l
; w
k
)w
k
^ i
w
l
s; s
E
h
(x)  C
1
jsj
2
h
(x) = C
1
jj
2
h
 0:(4.8)
Thus the proof is complete. 
Now we combine the above components and obtain:
Theorem 4.4. Let X be a q-convex manifold of dimension n with a Hermitian metric !
given by Lemma 4.1. Let (L; hL) and (E; hE) be holomorphic Hermitian line bundles on X.
Let the exceptional set K  X

. Let j  q and (L; hL) satisfies, with respect to !,
D
[
p
 1R
(L;h
L
)
;℄; 
E
h
 0 for all  2 ^n;jT 
x
X; x 2 X

:(4.9)
Then, for all k  1, dimHj(X;Lk 
 E)  Ckn j.
Proof. Proposition 4.2 entails the fundamental estimate holds in bidegree (0; j) for forms
with values in Lk 
E for large k on X

with respect to !; hL

and hE and j  q. Thus, by
Proposition 4.3 and Theorem 1.4, there exists C > 0 such that for sufficiently large k,
(4.10) dimH
0;j
(2)
(X

; L
k

 E) = dimH
0;j
(X

; L
k

 E)  Ck
n j
holds with respect to hE and the chosen metrics ! and hL

on X

(as in [Wan18]). By re-
sults of Ho¨rmander [MM07, Theorem 3.5.6], Andreotti-Grauert [MM07, Theorem 3.5.7]
and the Dolbeault isomorphism [MM07, Theorem B.4.4], we have, for j  q,
H
j
(X;L
k

 E)

=
H
j
(X
v
; L
k

 E)

=
H
0;j
(X
v
; L
k

 E)

=
H
0;j
(2)
(X

; L
k

 E):(4.11)
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Thus the conclusion holds for sufficiently large k. Note that for any holomorphic vector
bundle F , dimHj(X;F ) < 1 for j  q by the result of Andreotti-Grauert [MM07,
Theorem B.4.8]. So the conclusion holds for all k  1. 
Proof of Theorem 1.5. Let X

be a sublevel set including K such that (L; hL)  0 on X

.
From Proposition 2.6, (L; hL)  0 on X

implies for any Hermitian metric !,
D
[
p
 1R
(L;h
L
)
;℄; 
E
h
 0 for all  2 ^n;jT 
x
X; x 2 X

; j  1:(4.12)
Then the conclusion follows by Theorem 4.4. 
By adapting the duality formula [HL88, 20.7 Theorem] to Theorem 1.5, we have the
analogue result to [Wan16, Remark 4.4] for seminegative line bundles.
Corollary 4.5. Let X be a q-convex manifold of dimension n and let (L; hL); (E; hE) be
holomorphic Hermitian line bundles on X. Let (L; hL) be seminegative on a neighborhood
of the exceptional subset K. Then there exists C > 0 such that for any 0  j  n   q and
k  1, the j-th cohomology with compact supports
(4.13) dim[H0;j(X;Lk 
 E)℄
0
 Ck
j
:
Proof. For any q  s  n, dim[H0;n s(X;Lk
E)℄
0
= dimH
0;s
(X;L
k

E


K
X
)  Ck
n s
by Theorem 1.5 and (2.8), see [AG62] and [HL88, 20.7 Theorem]. 
Remark 4.6 (Vanishing theorems on q-convex manifolds). Let (E; hE) be a holomorphic
vector bundle onX. If (L; hL) > 0 onX

withK  X

instead of the hypothesis (L; hL) 
0 on X

in Theorem 1.5, then for j  q and sufficiently large k, dimHj(X;Lk 
 E) = 0,
see [MM07, Theorem 3.5.9]. And it can be generalized to Nakano q-positive as follows.
Theorem 4.7. Let (X;!) be a q-convex manifold of dimension n with the Hermitian met-
ric ! given by Lemma 4.1 and 1  q  n. Let E;L be holomorphic vector bundle with
rank(L) = 1. Let K  X be the exceptional set. If (L; hL) is Nakano p-positive with respect
to ! on X

with K  X

, then for j  maxfp; qg and k sufficiently large,
(4.14) Hj(X;Lk 
 E) = 0:
Proof. We can shrink X

with K  X

such that (L; hL) is p-positive with respect to ! on
the closure X

. By (2.11), there exists C
L
> 0 such that
hR
L
(w
i
; w
j
)w
j
^ i
w
i
s; si
h
 C
L
jsj
2
h
(4.15)
for any s 2 B0;j(X

; F ) with arbitrary holomorphic line bundle F and j  p. Thus there
exists C
2
> 0, for each s 2 B0;j(X

; L
k

 E) with j  maxfp; qg and k sufficiently large,
(4.16) ksk2 
C
2
k
(k
E
k
sk
2
+ k
E
k
sk
2
)
holds with respect to hL and ! as in [MM07, Lemma 3.5.4], and thus it holds for s 2
H
0;j
(X

; L
k

 E) with j  maxfp; qg. Then, for k sufficiently large, Hj(X;Lk 
 E) 
=
H 0;j(X

; L
k

 E) = 0 with j  maxfp; qg. 
Remark 4.8 (Complex spaces). Let X be a j-convex Ka¨hler manifold with dimX = n
and 1  j  n. Let (L; hL) be a holomorphic Hermitian line bundle and (L; hL)  0 on
X. Let S be a complex space and f : X ! S a proper surjective holomorphic map. Then,
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by Theorem 1.5 and [Mat16], dimHp(S;Rqf

(K
X

 L
k
)) = O(k
n p q
) for all (p; q) with
p+ q  j, where Rqf

() is the q-th higher direct image sheaf.
4.2. Pseudoconvex, weakly 1-complete, and complete manifolds. Analogue to the
case of q-convex manifolds, we can generalize other results in [Wan18] as follows. Holo-
morphic Morse inequalities for weakly 1-complete manifolds and pseudoconvex domain
were obtained in [Mar92] and [MM07, Theorem 3.5.10, 3.5.12].
Theorem 4.9. Let M ⋐ X be a smooth (weakly) pseudoconvex domain in a complex man-
ifold X of dimension n. Let ! be a Hermitian metric on X. Let (L; hL) and (E; hE) be
holomorphic Hermitian line bundles on X. Let 1  q  n. Assume (L; hL) is Nakano
q-semipositive with respect to ! onM , and (L; hL) is Nakano q-positive with respect to ! in
a neighbourhood of bM . Then there exists C > 0 such that for sufficiently large k, we have
(4.17) dimH
0;j
(2)
(M;L
k

 E)  Ck
n j for all q  j  n:
Proof. We follow [Wan18, Theorem 1.5, (3.29)] and [MM07, Theorem 3.5.10]. Let  2
C1(X;R) be a defining function of M such that M = fx 2 X : (x) < 0g with jdj = 1
on the boundary bM . Let x 2 bM . For s 2 
0;(M;Lk 
 E), the Levi form defined
by L

(s; s)(x) :=
P
n
j;k=2
()(w
k
; w
j
)hw
j
^ i
w
k
s(x); s(x)i
h
. Since M is pseudoconvex, it
follows that, for s 2 B0;q(M;Lk 
 E),
(4.18)
Z
bM
L

(s; s)dv
bM
 0:
LetX

:= fx 2 X : (x) < g for  2 R. We fix u < 0 < v such that L is Nakano q-positive
with respect to ! on a open neighbourhood of X
v
n X
u
, then there exists C
L
> 0 such
that for any holomorphic Hermitian vector bundle (F; hF ) on X,
(4.19) hRL(w
l
; w
k
)w
k
^ i
w
l
s; si
h
 C
L
jsj
2
; s 2 

0;q
0
(X
v
nX
u
; F ):
By the Bochner-Kodaira-Nakano formula with boundary term [MM07, Corollary 1.4.22],
there exist C
4
 0 and C
5
 0 such that for any s 2 B0;q(M;Lk 
 E) with supp(s) 2
X
v
nX
u
,
3
2
(k
E
k
sk
2
+ k
E
k
sk
2
)  hR
L
k

E
K

X
(w
j
; w
k
)w
k
^ i
w
j
s; si+
Z
bM
L

(s; s)dv
bM
  C
4
ksk
2

Z
M
(kC
L
  C
5
  C
4
)jsj
2
dv
X
:(4.20)
For any k  k
0
:= [2
C
4
+C
5
C
L
℄ + 1, we have C
L
 
C
4
+C
5
k

1
2
C
L
. Let C
2
:=
3
C
L
. For any
s 2 B
0;q
(M;L
k

 E) with supp(s)  X
v
nX
u
and k  k
0
> 0, we have
(4.21) ksk2 
C
2
k
(k
E
k
sk
2
+ k
E
k
sk
2
)
where the L2-norm k  k is given by !, hL
k
and hE onM .
Note the fact that B0;q(M;Lk
E) is dense in Dom(
E
k
)\Dom(
E
k;H
)\L
2
0;q
(M;L
k

E)
with respect to the graph norm of 
E
k
+ 
E
k;H
. Following the same argument in Lemma
4.2 (without the modification of hL by ), we conclude that there exist a compact subset
K
0
M and C
0
> 0 such that for sufficiently large k, we have
(4.22) ksk2 
C
0
k
(k
E
k
sk
2
+ k
E
k;H
sk
2
) + C
0
Z
K
0
jsj
2
dv
X
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for any s 2 Dom(
E
k
) \ Dom(
E
k;H
) \ L
2
0;q
(M;L
k

 E), where the L2-norm is given by !,
h
L
k
and hE on M . That is, the fundamental estimate holds in bidegree (0; q) for forms
with values in Lk
E for large k. Finally, we apply Theorem 1.4 and Proposition 2.8. 
The polynomial growth of dimension of cohomology of Griffiths q-positive line bun-
dles on weakly 1-complete manifolds via holomorphic Morse inequalities, we refer to
[Mar92]. For the Nakano q-positive cases, by applying Theorem 4.9 as in [Wan18, Proof
of Theorem 1.6], we obtain:
Corollary 4.10. Let X be a weakly 1-complete manifold of dimension n with a smooth
plurisubharmonic exhaustion function  and ! be a Hermitian metric on X. Let (L; hL) and
(E; h
E
) be holomorphic Hermitian line bundles on X. Let 1  q  n and (L; hL) is Nakano
q-semipositive with respect to ! on X.
(1) Assume (L; hL) is Nakano q-positive with respect to ! on X nK for a compact subset
K. Then, for any sublevel set X

:= f < g with smooth boundary and K  X

, there
exists C > 0 such that for k sufficiently large,
(4.23) dimH
0;j
(2)
(X

; L
k

 E)  Ck
n j for all q  j  n:
(2) Assume (L; hL) is positive on X nK for a compact subset K. Then there exists C > 0
such that for k sufficiently large,
(4.24) dimHj(X;Lk 
 E)  Ckn j for all q  j  n:
Proof. (1) is from X

is a smooth pseudoconvex domain and Theorem 4.9; (2) follows
from (1) and Hj(X;Lk
E) 
=
H
0;j
(2)
(X

; L
k

E) for all j  q and sufficiently large k. 
Similarly, we also can refine [Wan18, Theorem 1.2] on complete manifolds.
Theorem 4.11. Let (X;!) be a complete Hermitian manifold of dimension n. Let (L; hL)
be a holomorphic Hermitian line bundle onX. Assume there exists a compact subsetK  X
such that
p
 1R
(L;h
L
)
= ! on X nK. Let 1  q  n and (L; hL) is Nakano q-semipositive
with respect to ! on K. Then there exists C > 0 such that for sufficiently large k, we have
(4.25) dimH
0;j
(2)
(X;L
k

K
X
)  Ck
n j for all q  j  n:
Proof. Since (X;!) is complete, 
E
k;H
= 
E
k
for arbitrary holomorphic Hermitian vec-
tor bundle (E; hE). In a local orthonormal frame f!
j
g
n
j=1
of T (1;0)X with dual frame
fw
j
g
n
j=1
of T (1;0)X, ! =
p
 1
P
n
j=1
!
j
^ !
j and  =  
p
 1i
w
j
i
w
j
. Thus
p
 1R
(L;h
L
)
=
p
 1
P
n
j=1
!
j
^ !
j outside K. Let fe
k
g be a local frame of Lk. For s 2 

n;q
0
(X nK;L
k
),
we can write s =
P
jJ j=q
s
J
!
1
^    ^ !
n
^ !
J

 e
k
locally, thus
(4.26) [
p
 1R
L
;℄s =
X
jJ j=q
(qs
J
!
1
^    ^ !
n
^ !
J
)
 e
k
= qs:
Since (X nK;
p
 1R
(L;h
L
)
) is Ka¨hler, we apply Nakano’s inequality [MM07, (1.4.52)],
(4.27) k
k
sk
2
+ k

k
sk
2
 kh[
p
 1R
L
;℄s; si  qkksk
2
 kksk
2
:
Therefore, we have ksk2  1
k
(k
k
sk
2
+ k

k
sk
2
) for s 2 

n;q
0
(X nK;L
k
) with 1  q  n
with respect to hL and !.
Next we follow the analogue argument in [Wan18, Proposition 3.8] to obtain the
fundamental estimates as follows. Let V and U be open subsets of X such that K  V ⋐
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U ⋐ X. We choose a function  2 C1
0
(U;R) such that 0    1 and   1 on V . We set
 := 1  , thus  2 C1(X;R) satisfying 0    1 and   0 on V .
Now let s 2 

n;q
0
(X;L
k
), thus s 2 

n;q
0
(X nK;L
k
). We set K 0 := U , then
(4.28) ksk2  ksk2  
Z
K
0
jsj
2
dv
X
;
and similarly there exists a constant C
1
> 0 such that
(4.29)
1
k
(k
k
(s)k
2
+ k

k
(s)k
2
) 
5
k
(k
k
sk
2
+ k

k
sk
2
) +
12C
1
k
ksk
2
:
By combining the above three inequalities, there exists C
0
> 0 such that for any s 2


n;q
0
(X;L
k
) = 

0;q
0
(X;L
k

K
X
) and k large enough
(4.30) ksk2 
C
0
k
(k
k
sk
2
+ k

k
sk
2
) + C
0
Z
K
0
jsj
2
dv
X
:
Finally, since 

0;
0
(X;L
k

 K
X
) is dense in Dom(
K
X
k
) \ Dom(
K
X

k
) in the graph-norm,
the fundamental estimate holds in bidegree (0; q) for forms with values in Lk 
K
X
for k
large. So the conclusion follows from Theorem 1.4 and Proposition 2.8. 
4.3. Vanishing theorems and the estimate O(kn q). In this section, we restrict to
Ka¨hler manifolds X and E = K
X
. Firstly, inspired by [Mat18, Fuj12], we see the in-
jectivity for Nakano q-semipositive line bundles.
Lemma 4.12. Let (X;!) be a compact Ka¨hler manifold of dimension n and let (L; hL)
be holomorphic Hermitian line bundle on X. Let 1  q  n and (L; hL) be Nakano q-
semipositive with respect to ! on X. Let s 2 H0(X;Lk) n f0g for some k > 0. Then, for
every j  q and m  1, the multiplication map  
 s :
H
j
(X;K
X

 L
m
)! H
j
(X;K
X

 L
m+k
)(4.31)
is injective. In particular, if (L; hL) is semipositive, it holds for all j  1.
Proof. We follow [Fuj12, 1.5 Enoki’s proof]. By Proposition 2.8 and Hodge theorem, we
only need to show the multiplication map  
 s between the harmonic spaces
H
n;q
(X;L
m
)! H
n;q
(X;L
m+k
)(4.32)
is injective form  1. Let u 2 H n;q(X;Lm). Since s 2 H0(X;Lk), 
L
m+k
(s
u) = 0. From
the q-semipositive and Nakano’s inequality [MM07, (1.4.51)],
D
[
p
 1R
(L;h
L
)
;℄u; u
E
h
=
0 on X. From [MM07, (1.4.44),(1.4.38c)], (rL
m
)
1;0
(s
u) = s
 ((r
L
m
)
1;0
u) = 0. Also
we have
D
[
p
 1R
L
m+k
;℄(s
 u); (s
 u)
E
h
= 0. Thus
k
L
m+k

(s
 u)k
2
= k(r
L
m+k
)
1;0
(s
 u)k
2
= 0:
We obtain s 
 u 2 H n;q(X;Lm+k). Suppose s 
 u = 0 on X. Since s 6= 0 and [Dem,
Ch.VII.3. (2.4) Lemma], u = 0 on X. 
Let (L) be the Kodaira dimension of L on a a compact complex manifold X given by
(L) :=  1; when H0(X;Lk) = 0 for all k > 0; otherwise,(4.33)
(L) := maxfm 2 N : lim sup
k!1
dimH
0
(X;L
k
)
k
m
> 0g 2 [0; dimX℄:(4.34)
By the above lemma and Corollary 1.3 with the trivial  , we obtain:
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Theorem 4.13. Let (X;!) be a compact Ka¨hler manifold of dimension n and let (L; hL)
be holomorphic Hermitian line bundle on X. Let 1  q  n and (L; hL) be Nakano q-
semipositive with respect to ! on X. Then, for all j > maxfn  (L); q   1g and m > 0,
H
j
(X;K
X

 L
m
) = 0:(4.35)
Proof. We follow [Mat18, Theorem 4.5]. Suppose there exist m > 0 and j > n   (L)
with j  q such that Hj(X;K
X

 L
m
) 6= 0. Let u 2 Hj(X;K
X

 L
m
) n f0g and let
fs
j
g
N
i=1
 H
0
(X;L
k
) be linearly independent. By the injectivity Lemma 4.12, fs
i


ug
N
i=1
 H
j
(X;K
X

 L
m+k
) are linearly independent. By Corollary 1.3 for compact
Ka¨hler manifolds, we see
dimH
0
(X;L
k
)
k
(L)

dimH
j
(X;K
X

 L
k+m
)
k
n j+1

C(k +m)
n j
k
n j+1

C
k
:(4.36)
By applying lim sup
k!+1
, there is a contradiction. 
Corollary 4.14. Let (X;!) be a compact Ka¨hler manifold and let (L; hL) be a holomorphic
Hermitian line bundle. If Tr
!
R
(L

;h
L

)
 0 on X and (L) > 0, then (L) =  1. In
particular, if the scalar curvature r
!
= 0 on X and (K
X
) > 0, then (K
X
) =  1.
Proof. H0(X;Lm) 
=
H
n
(X;K
X

 L
m
) = 0 and r
!
= 2
P
j
Ri(!
j
; !
j
) = 2Tr
!
R
K

X . 
Secondly, as applications of Bochnar-Kodaira-Nakano formulas, certain Kodaira type
vanishing theorems of Nakano q-semipositive line bundles hold as follows.
Proposition 4.15. Let (X;!) be a complete Ka¨hler manifold of dimension n and 1  q  n.
Let (L; hL) be a Nakano q-semipositive line bundle with respect to ! on X. Assume there
exists C
0
> 0 and a compact subset K $ X such that
p
 1R
(L;h
L
)
 C
0
! on X nK. Then,
H
0;j
(2)
(X;K
X

 L) = 0 for all j  q:(4.37)
Proof. Since (X;!) is complete, 
L
H
= 
L
. For s 2 

n;j
0
(X;L) for j  q, from Bochner-
Kodaira-Nakano formula, we have
k
L
sk
2
+ k
L
sk
2
 h[
p
 1R
L
;℄s; si
h
 C
0
ksk
2
XnK
= C
0
ksk
2
  C
0
ksk
2
K
:(4.38)
Since 

n;j
0
(X;L) is dense in Dom(
L
) \ Dom(
L
), (4.38) holds for s 2 Dom(
L
) \
Dom(
L
). Since K $ X, sj
XnK
= 0 for s 2 H n;j(X;L), and then H n;j(X;L) = 0. From
(4.38), the fundamental estimate holds for (0; j)-form with values in K
X

 L, and thus
H
0;j
(2)
(X;K
X

 L)

=
H 0;j(X;K
X

 L) = 0. 
Proposition 4.16. Let (X;!) be a weakly 1-complete Ka¨hler manifold of dimension n and
1  q  n. Let (L; hL) be a Nakano q-semipositive line bundle with respect to ! on X.
Assume there exist a compact subset K $ X and
p
 1R
(L;h
L
)
= ! on X nK. Then,
H
j
(X;K
X

 L) = 0 for all j  q:(4.39)
Proof. Let ' 2 C1(X;R) be an exhaustion function of X such that
p
 1'  0 on
X and X

:= f' < g ⋐ X for all  2 R. We choose a regular value  2 R of '
such that K $ X

by Sard’s theorem. Thus X

is a smooth pseudoconvex domain and
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p 1R
L
= ! > 0 on a neighborhood of bX

, in particular on X

nK. It follows that for
s 2 

n;j
(X

; L), j  q,
h[
p
 1R
L
;℄s; si = h[
p
 1R
L
;℄s; si
K
+ h[!;℄s; si
X

nK
 ksk
2
X

nK
:(4.40)
If s 2 Bn;j(X

; L), k
L
sk
2
+ k
L
sk
2
 h[
p
 1R
L
;℄s; si+
R
bM

L

(s; s)dv
X

by [MM07].
Since X

is pseudoconvex,
R
bM

L

(s; s)dv
X

 0. Since 
L
H
= 
L
on B0;j(X

; K
X

 L),
k
L
sk
2
+ k
L
H
sk
2
 ksk
2
  ksk
2
K
(4.41)
holds for s 2 B0;j(X

; K
X

 L), thus for s 2 Dom(
L
) \ Dom(
L
) \ L
2
n;j
(X

; L). In
particular, if s 2 H n;q(X

; L), sj
X

nK
= 0 and so H n;j(X;L) = 0 for j  q. Since the
fundamental estimate holds for (0; j)-form with values in K
X

 L on X

, H
0;j
(2)
(X

; K
X


L) = H 0;j(X

; K
X

 L) = 0 for j  q. Moreover, by [Ohs15, Theorem 1.2] and ! =
p
 1R
L on X nX

, it follows Hj(X;K
X

 L)

=
H
n;j
(X;L)

=
H
n;j
(2)
(X

; L) = 0. 
For a pseudoconvex domainM , we follow the above argument for X

and obtain:
Proposition 4.17. Let M be a smooth pseudoconvex domain in a Ka¨hler manifold (X;!)
of dimension n and 1  q  n. Let (L; hL) be a Nakano q-semipositive line bundle with
respect to ! onM . Assume (L; hL) is Nakano q-positive with respect to ! on a neighborhood
of bM . Then for every j  q,
H
0;j
(2)
(M;K
X

 L) = 0:(4.42)
Proof. Let (L; hL) be Nakano q-positive with respect to ! on a neighbourhood U of bM
such that U is compact. Let V ⋐ U and V be a smaller neighborhood of bM . By the
Bochner-Kodaira-Nakano formula with boundary term [MM07, Corollary 1.4.22], for
any s 2 B0;q(M;L
K
X
), k  0,
3
2
k
K
X
sk
2
+ k
K
X
;
sk
2
 hR
L
(w
j
; w
k
)w
k
^ i
w
j
s; si  hR
L
(w
j
; w
k
)w
k
^ i
w
j
s; si
M\V
 Cksk
2
M\V
= C(ksk
2
  ksk
2
MnV
);(4.43)
where C > 0, given by the Nakano q-positive line bundle L with respect to ! on U and
the compactness of M \ V  U , is independent of the choice of s. Thus, we follow the
argument for X

= M in Proposition 4.16 and obtain H 0;q(M;L 
K
X
) = 0. Since the
fundamental estimate holds, H
0;q
(2)
(M;L
K
X
) = 0. And the assertion holds for all j  q
by Proposition 2.8 and Remark 2.9. 
4.4. Remarks on !-trace and Kodaira type vanishing theorems. Let (E; hE) be a holo-
morphic Hermitian vector bundle on a Hermitian manifold (X;!). The !-trace of R(E;h
E
)
can be represented by
 (E; h
E
; !) := Tr
!
R
(E;h
E
)
:=
X
j
R
(E;h
E
)
(!
j
; !
j
) =
X
i;k
R
(E;h
E
)
 

z
i
;

z
k
!
hdz
i
; dz
k
i
g
T

X
:
Comparing to the usual trace Tr[R(E;h
E
)
℄ 2 

1;1
(X) depending only on hE ,  (E; hE; !) :=
Tr
!
R
(E;h
E
)
2 End(E) depends on hE and !. By Bochner-Kodaira-Nakano formulas, Serre
duality and Le Potier’s Theorem [Kob87, 3.5.1, (3.5.8)], it follows that:
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Proposition 4.18. Let (E; hE) be a holomorphic Hermitian vector bundle over a compact
Ka¨hler manifold (X;!). (1) If  (O
E

(1))  0 and < 0 at one point on P (E), then
H
0
(X;S
m
(E)) = 0 for all m  1. (2) If  (E)  0 and < 0 at one point on X, then
H
0
(X;E
m
) = 0 for all m  1.
Proof. The case m = 1 of (2) follows from Bochner-Kodaira-Nakano formulas (or using
the Lichnerowicz formular [MM07, (1.4.31)])). From the fact  (E
m) =  (E)
m, refer
to [Kob87, III.(1.12)] or [Yan18, (3.7)], we have (2) holds for allm  1. And (1) is from
Le Potier’s Theorem [Kob87, 3.5.1, (3.5.8)] and (2) for E = O
E

(1). 
Recall that a compact complex manifold X is said to be rationally connected if any
two points of X can be joined by a chain of rational curves, see [CDP15]. We say a real
(1; 1)-form  2 
1;1(X) is quasi-positive on X, if   0 on X and > 0 at one point.
Proposition 4.19. Let X be a compact Ka¨hler manifold with a quasi-positive (1; 1)-form
representing the first Chern class 
1
(X). Then X is projective and rationally connected.
Proof. Calabi-Yau theorem [Yau78] provides a Ka¨hler metric ! on X such that the Ricci
form
p
 1R
K

X
= Ric
!
is quasi-positive, so K
X
is big and X is projective. Since (X;!)
is Ka¨hler, Ric
!
=
p
 1Tr[RT
1;0
X
℄ and it coincides with  (T 1;0X;h
!
; !) = Tr
!
R
T
1;0
X as
Hermitian matrices. Thus,  (T 1;0X;h
!
; !)  0 and > 0 at one point. By  (T 1;0X) =
  (T
1;0
X) and Proposition 4.18 (2), we have H0(X; (T 1;0X)m) = 0 for all m  1, and
the rationally connected follows from [CDP15, 5.1. Corollary]. 
Equivalently, it follows from [Kob87, Ch.III. (1.34)] and [CDP15, 5.1 Corollary] that: A
compact Ka¨her manifold with quasi-positive Ricci curvature is projective and rationally-
connected. It strengthens [Wu81, Theorem B (A)] which asserted such a manifold is
simply connected and has no nonzero holomorphic q-forms for q > 0, since any rationally
connected projective manifold has these properties, see [Deb01, Corollary 4.18]. And it
also leads to the fact [Cam92, KMM92] that every smooth Fano manifold X is rationally
connected (See [Deb01, Kol96, Yau82]).
Proposition 4.20. Let X be a compact Ka¨hler manifold of nonnegative bisectional curva-
ture. The following conditions are equivalent: (A) X is simply connected; (B) The first Betti
number is zero; (C) X has quasi-positive Ricci curvature; (D) X is projective and rationally
connected.
Proof. From [HSW81, Corollary 1] and Proposition 4.19, we see (A), (B) and (C) are
equivalent and (C) implies (D). And [Deb01, Corollary 4.18] entails (D) implies (A). 
5. DIRAC OPERATOR ON NAKANO q-POSITIVE LINE BUNDLES
Inspired by [Mar92] and [MM02, Theorem 1.1, 2.5], we consider q-positive line bun-
dles and the Dirac operators. We give some estimates of modified Dirac operators on
high tensor powers of q-positive line bundles based on [MM07, Section 1.5].
5.1. Nakano q-positive line bundles with respect to !. In this section, we work on the
following setting. Let (X; J) be a smooth manifold with almost complex structure J and
dimRX = 2n. Let g
TX be a Riemannian metric compatible with J and ! := gTX(J ; ) be
the real (1; 1)-forms on X induced by gTX and J . Let (E; hE) and (L; hL) be Hermitian
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vector bundles on X with rank(L) = 1. Let rE and rL be Hermitian connections on
(E; h
E
) and (L; hL) and let RE := (rE)2 andRL := (rL)2 be the curvatures. Assume that
p
 1
2
R
L is compatible with J . Thus, the Chern-Weil form 
1
(L; h
L
) :=
p
 1
2
R
L representing
the first Chern class 
1
(L) of L is a real (1; 1)-forms on X. (For example, X is a compact
complex manifold and (E; hE;rE); (L; hL;rL) are holomoprhic Hermitian).
The almost complex structure J induced a splitting of the complexification of the tan-
gent bundle, i.e., TX 
 C = T 1;0X
L
T
0;1
X, and the cotangent bundle. Let 0  p; q  n,
and let
V
p;q
T

x
X be the fibre of the bundle
V
p;q
T

X := ^
p
T
1;0
X 
 ^
q
T
0;1
X for x 2 X.
For k 2 N, we denote by 
p;q(X;Lk 
 E) the space of (p; q)-forms with values in Lk 
 E
on X and set 
0;q(X;Lk 
 E) :=
L
n
jq


0;j
(X;L
k

 E). As defined in Sec. 2, we de-
note by h; i
h
and j  j
h
the pointwise Hermitian inner product and Hermitian norm, and
by h; i and k  k the L2 inner product and L2-norm. Let  be the dual of the operator
L := ! ^  on 
p;q(X) with respect to the Hermitian inner product h; i
h
on X. In a local
orthonormal frame fw
j
g
n
j=1
of T 1;0X with respect to gTX and its dual fwjg of T 1;0X,
R
(L;h
L
)
= R
(L;h
L
)
(w
i
; w
j
)w
i
^w
j, L =
p
 1
P
n
j=1
w
j
^w
j and  =  
p
 1
P
n
j=1
i
w
j
i
w
j . For
any s 2 
p;q(X;Lk 
 E),
D
[
p
 1R
(L;h
L
)
;℄s; s
E
h
2 C1(X;R). We set
w
d
=  
X
i;j
R
L
(w
i
; w
j
)w
j
^ i
w
i
2 End((T
0;1
X)):(5.1)
For a real 3-form A on X, one can define modified Dirac operator D
;A
k
acting on


0;
(X;L
k

 E) =
L
j0


0;j
(X;L
k

 E), see [MM07, Definition 1.3.6, (1.5.27)]. Ma-
Marinescu obtained the precise lower bound of D
;A
k
as follows. The proof is based on a
application of Lichnerowicz formula, see [MM07, (1.5.34),(1.5.30)] and [MM02].
Theorem 5.1 ([MM07]). There exists C > 0 such that for any k 2 N, s 2 
0;(X;Lk
E),
kD
;A
k
sk
2
 2kh w
d
s; si   Cksk
2
:(5.2)
As a consequence, they obtained the spectral gap property [MM07, Theorem 1.5.7,
1.5.8], which play the essential role in their approach to the Bergman kernel. In this
section, we generalize [MM07, Theorem 1.5.7] to the case of Nakano q-positive line
bundles.
Definition 5.2. For each 1  q  n, the number 
q
2 R [ f1g defined by

q
(x) := inf
u2^
n;q
T

x
X
h[
p
 1R
L
;℄u; ui
h
juj
2
h
; 
q
:= inf
x2X

q
(x):(5.3)
In terms of local orthonormal frame f!
j
g of T 1;0X, it follows that

q
= inf
2^
0;q
T

x
X;x2X
D
R
L
(!
i
; !
j
)!
j
^ i
!
i
; 
E
h
jj
2
h
= inf
2^
0;q
T

x
X;x2X
h w
d
; i
h
jj
2
h
:(5.4)
In other words, if 
1
(x)  
1
(x)      
n
(x) are the eigenvalues of RL
x
with respect to
! at x 2 X, then 
q
(x) =
P
q
j=1

j
(x) and 
q
= inf
x2X

q
(x).
Theorem 5.3. Let X be compact. Let 1  q  n and (L; hL) is Nakano q-positive line
bundle with respect to ! on X. Then there exists C
L
> 0 such that for any k 2 N and any
s 2 

0;q
(X;L
k

 E),
kD
;A
k
sk
2
 (2
q
k   C
L
)ksk
2
;(5.5)
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where the constant 
q
> 0 defined in (5.3). Especially, for k large enough,
Ker

D
;A
k
j


0;q
(X;L
k

E)

= 0:(5.6)
Proof. As in (2.13), we choose a local orthonormal frame around x 2 X such that
R
L
x
(!
i
; !
j
) = Æ
ij

i
(x) for 1  i; j  n. Then
w
d
=  
X
j1

j
(x)w
j
^ i
w
j
2 End((T
0;1
x
X)):(5.7)
Let C
J
(x) :=
P
j2J

j
(x) for each ordered J = (j
1
;    ; j
q
) with jJ j = q. For  2
V
0;q
x
X n
f0g, we represent it by  =
P
J

J
w
J with jJ j = q. From (5.4) and (5.7), we have

q
= inf
x2X
inf

J
2C
P
J
C
J
(x)j
J
j
2
P
J
j
J
j
2
= inf
x2X
inf
jJ j=q
C
J
(x):(5.8)
For s(x) 2
V
0;q
x
X 
 L
k
x

 E
x
, we can represent it by s(x) =
P
J;i
s
J;i
(x)w
J

 e
k
i
for a
local orthonormal frame fek
i
g of Lk
E. Thus js(x)j2
h
=
P
J;i
js
J;i
(x)j
2. By (5.7) and (5.8),
Theorem 5.1 entails that, for any s 2 
0;q(X;Lk 
 E),
kD
;A
k
sk
2
 2kh w
d
s; si   Cksk
2
= 2k
Z
X
X
J;i
C
J
(x)js
J;i
j
2
dv
X
  Cksk
2(5.9)
By (2.9), (2.11) and (5.3), we have 
q
> 0. By (5.8), it follows that
kD
;A
k
sk
2
 2k
q
ksk
2
  Cksk
2(5.10)
holds for s 2 
0;q(X;Lk 
 E). By Proposition 2.8 and Remark 2.9, we see 
j+1
> 
j
> 0
for each j  q. Thus the assertion holds for s 2 
0;q(X;Lk 
 E). 
Remark 5.4. From Remark 2.9, the positive assumption [MM07, (1.5.21)] is equivalent
to Nakano 1-positive line bundle with respect to !. By (5.8), 
1
= inf
x2X;1jn

j
(x).
Thus [MM07, Theorem 1.5.7] follows from Theorem 5.3 by choosing q = 1.
In general, for a real 3-form A on X, (D
;A
k
)
2 may not preserve the Z-grading of


0;
(X;L
k

 E). As a special case, we can consider Kodaira Laplacian L
k

E, which
preserves the Z-grading. On a complex manifold X, Hodge-Dolbeault operator satisfies
D
k
:=
p
2(
L
k

E
+ 
L
k

E;
) = D
;A
k
, for A =  1
4
T
as
, see [MM07, (1.4.17)], and the Ko-
daira Laplacian satisfiesL
k

E
=
1
2
D
2
k
. Then, from Hodge theorem, Serre duality and the
equivalent definition of the q-positive line bundle (see Remark 2.4), Theorem 5.3 leads
to Andreotti-Grauert vanishing theorem [AG62, Proposition 27] (see also [Dem, (5.1)
Theorem]):
Corollary 5.5 ([AG62]). LetX be a compact complex manifold of dimension n and (E; hE)
and (L; hL) be holomorphic Hermitian vector bundles on X with rank(L) = 1. If RL has
at least p positive eigenvalues and at least q negative eigenvalues at every x 2 X, then, for
j 2 fj 2 N : j  q   1 or j  n  p+ 1g and sufficiently large k, Hj(X;Lk 
 E) = 0.
By the same argument in [MM02, Theorem 4.4,Corollary 4.5-4.6] and [MM07, (6.1.15)],
Theorem 5.3 still holds on  -covering manifolds as follows. Let fX be a  -covering man-
ifold of dimension n. Let eJ be  -invariant almost complex structure on fX . Let gT eX
be a  -invariant Riemannian metric compatible with eJ and ! := gT eX( eJ ; ) be the real
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(1; 1)-forms on fX induced by gT eX and eJ . Let ( eE; heE) and (eL; heL) be  -invariant holo-
morphic Hermitian vector bundles on fX with rank(eL) = 1. Let reE and reL be Chern
connections on ( eE; heE) and (eL; heL) and let ReE := (reE)2 and ReL := (reL)2 be the cur-
vatures. Let fD
k
:=
p
2(
e
L
k


e
E
+ 
e
L
k


e
E;
) be the Hodge-Dolbeault operator defined on
Dom(
f
D
k
) = Dom(
e
L
k


e
E
) \ Dom(
e
L
k


e
E;
) and eL
k


e
E
:=
1
2
f
D
2
k
the self-adjoint extension
of Kodaira Laplacian.
Theorem 5.6. Assume 1  q  n and (eL; heL) is Nakano q-positive with respect to ! on fX.
Then there exists C
e
L
> 0 such that for any k 2 N and any es 2 Dom(fD
k
)\L
2
0;q
(
f
X;
e
L
k


e
E),
k
f
D
k
e
sk
2
 (2
q
k   C
e
L
)k
e
sk
2
;(5.11)
where the constant 
q
> 0 defined in (5.3).
For the L2 Andreotti-Grauert theorem on covering manifolds, see [Bra99, Theorem
3.5] and [MM02, Section 4].
5.2. Semipositive line bundles of type q. Let X be a complex manifold of dimension n
and (L; hL) be a holomorphic Hermitian line bundle. For 1  q  n, we have the notion
of semipositive line bundles of type q as follows, refer to [Ohs82, Chapter 3, Section 1,
Definition 1.1]. We say (L; hL) is semipositive of type q if (L; hL)  0 everywhere and
p
 1R
(L;h
L
)
x
is positive on a (n  q + 1)-dimensional subspace of T (1;0)
x
X at every x 2 X,
We remark that, by [Ohs82, Chapter 3, Section 2, Proposition 2.1 (1),(2)] and Defi-
nition 1.1, if (L; hL) is semipositive of type q on a complex manifold X, then (L; hL) is
Nakano q-positive at every point x 2 X with respect to arbitrary Hermitian metric ! on
X. As a consequence, by replacing the hypothesis Nakano q-positive with respect to ! by
semipositive of type q in Theorem 5.3 and 5.6, the conclusion therein still hold.
Besides, by adapting the notion of semipositive of type q to Theorem 4.7, we obtain
another generalization of [MM07, Theorem 3.5.9] as follows.
Corollary 5.7. Let (X;!) be a q-convex manifold of dimension n. Let E;L be holomorphic
vector bundle with rank(L) = 1. LetK  X be the exceptional set and 1  p  n. If (L; hL)
is semipositive of type p onX

withK  X

, then for j  maxfp; qg and k sufficiently large,
(5.12) Hj(X;Lk 
 E) = 0:
Proof. Since (L; hL) is semipositive of type p on X

, (L; hL) is Nakano q-positive with
respect to ! given by Lemma 4.1 on X

. Finally, we use Theorem 4.7. 
Corollary 5.8. Let M be a smooth pseudoconvex domain in a Ka¨hler manifold (X;!) of
dimension n and 1  q  n. Let (L; hL) be a semipositive line bundle onM . Assume (L; hL)
is semipositive of type q on a neighborhood of bM . Then for every j  q,
H
0;j
(2)
(M;K
X

 L) = 0:(5.13)
Proof. Proposition 2.6 and Proposition 4.17 and the fact that (L; hL) is Nakano q-positive
with respect to any Hermitian metric ! on a neighborhood of bM . 
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